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1. INTRODUCTION 
The functional equation approach has played a prominent role in solving 
optimization problems through the dynamic programming (e.g., see [ 1, 4-7, 
231). The obvious reason is that this approach can produce a suitable 
recurrence relation to which the Principle of Optimality (see [4,5] or below) 
can be applied. By this approach, a class of mathematical programming 
problems with the dynamic programming scheme have been solved 
numerically or analytically (see Aris [I], Bellman [4, 51, Bellman and 
Dreyfus [6], Beveridge and Schechter [7], Nemhauser [23], and others). 
Recently, from the theoretical viewpoint, Iwamoto adopted the recursive 
functions with monotonicity and formulated several similar mathematical 
programmings, which are constituted by a duel pair of main and inverse 
problems, in a sequence of papers [l l-181. Corresponding to each dual 
scheme, Iwamoto duly established his feasible dual theorems in order to 
associate his mathematical programming with the Principle of Optimality 
14, 17, 181. Needless to say, by a use of the duality of Iwamoto, important 
computational advantages of certain optimization problems can often be 
gained [7, p. 3261. 
Some classical inequalities, such as the AM-GM inequality, the GM-HM 
inequality, the Holder inequality, and the Minkowski inequality, are 
constituted by a pair of forms, which are dual to each other, in the sense of 
Iwamoto [ 17, 181. Consequently, Iwamoto established the aforementioned 
inequalities in [ 17, 181 by his dual theorems. In [25], Wang observed that 
the functional equation approach to inequalities by Bellman [3,4] appears to 
be simpler in use in some cases. In addition, as shown by Wang [25], 
inequalities, such as the Beckenbach inequality (see [2, 26]), can also be 
established by the functional equation approach without appealing to the 
duality. 
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It should be noted that Iwamoto [ 181, in fact, established a more 
generalized GM-HM inequality as follows: 
where p,, , qn, t, > 0 are constants, x, > 0, 1 < n < N. The sign of equality 
holds if and only if 
q,t, qNtN -= . . . =-. 
PlX:l P,& 
(2) 
Here and in what follows C and n are used to designate Ct=, and n$=, , 
whenever confusion is unlikely to occur. 
Although inequality (1) possesses a quite complicated form on the right- 
hand side, it is indeed equivalent o the usual AM-GM inequality (3) (see 
below). To see this, setting x, = I/y,, t, = I, pn = qn = a, (1 < n Q N), (1) 
becomes 
On the other hand, after putting y,, = qn t Jp,xt,“, a,, = pJt, (1 < n < N) in 
(3), (1) is recaptured by a simple transposition of (3). 
This paper is a continuation of Wang [25]. So, we shall alternatively 
estiablish the GM-HM inequality (l), the Redheffer [24, p. 6831 inequality, 
and inequalities of the Ky Fan Complementary A-G type through the 
functional equation approach of dynamic programming [4, S]. The 
establishment of the Redheffer inequality can serve as an example to 
demonstrate that recurrent inequalities can be established by the functional 
equation approach in a more natural and concise manner. In order to reveal 
some intrinsic nature of the Principle of Optimality [4,5], we shall deal with 
Ky Fan inequalities of the complementary A-G type (see [27]) through this 
approach by using four different constraints to the same objective function. 
As by-products, we shall also extend inequalities of Weierstrass product type 
given in [ 8,9, 19,201 and a related inequality (1) in Mitrinovik [22, p. 2081. 
For the classical inequalities cited here without mentioning any source, 
one should refer to Beckenbach and Bellman [2], Hardy, Littlewood, and 
P6lya [lo], or Mitrinovib [22] for details. 
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2. GM-HM INEQUALITY 
TO establish inequality (I), we consider the problem 
K 
f,(a) = “*” ” q,/xf;, l<K<N. 
n:, 
(4) 
subject o 
111, x2 = a, u > 0, x, > 0. (5) 
Using the principle of optimality, we obtain the recurrence relation 
for K = 2, 3 ,..., N, with f,(a) = ql/a udpI). By induction a straightforward 
manipulation reveals that 
(6) 
where 
A, = I’-1 (4” t,/pn)@“‘t”)‘oj, ej = 5 PJt,9 1 <j<N. 
n=l n=l 
The minimum is attained for 
Substituting (7) into (6), a simplification yields 
f,(a) = A, t$Ja’X’, 1&K<N. (8) 
It is now clear that inequality (1) follows from (4), (5), and (8). Also the 
sign of equality holds if and only if (2) holds. 
3. REDHEFFER INEQUALITY 
In order to demonstrate that recurrent inequality [24, p. 6851 can be 
established by the functional equation approach in a more natural and 
concise manner, we state and prove Redheffer inequality as follows: 
xn(b,- l)G,+NG,<~ua,b;, (9) 
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where a, > 0, 6, >O, and G, = (a,,a2 ... a,)l’“, 1 <n < N. The sign of 
equality holds if and only if 
a,b;-’ = G,, 2<n<N 
To establish (9) we consider the problem 
(10) 
fK(a> = yf c n(b,- l)G,+KG, 
ff=l I 
subject o 
K 
\‘ a,,bf=a, a>O, b,>O. 
n=1 
(11) 
(12) 
Using the principle of optimality, we obtain the recurrence relation 
for K = 2, 3,..., N, with f,(a) = a. By induction a simple calculation reveals 
that 
fK(‘) = maX~(b,<(dok)“~ [a-a,bi--(K- l)GK_,+KbKGK] (13) 
The maximum is attained for 
a bK-‘=G 
K K K, 2<K<N (14) 
Substituting (14) into (13) a simplification yields 
fKca) = aT 1<K<N (15) 
It is now clear that the inequality (9) follows from (11). (12), and (15). Also 
the sign of equality holds if and only if (10) holds. 
4. KY FAN INEQUALITIES OF THE COMPLEMENTARY A-G TYPE 
In [27], Wang claimed that the Ky Fan inequality (8) given in 
Beckenbach and Bellman [3, p. 51 can be established by some standard 
approaches used for establishing the A-G (abbreviation of arithmetic and 
geometric) inequality other than the one indicated in 13) and the two given 
in [21] and [27], respectively. In order to validate the claim, we state Ky 
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Fan inequalities of the complementary A-G type (see also 127)) in a 
somewhat modified manner as follows: 
(16) 
where x,E [0, l/2], an > 0, 8, =ci”=, aJ, G,= n,n=,x~@n, A, = 
X7= i o,xj/O,, 1 & n < N. The sign of equality holds if and only if all x, are 
equal. 
Remark. The right inequality of (16) in equivalent to inequality (5) 
given in [27] for X, > 0, while the left inequality of (16) can also be derived 
from the fact G, + n (1 - x,)“Je~ < 1. 
To establish (16), we associate the same objective function 
with four different constraints (see below) for the purpose of demonstrating 
some intrinsic nature of the Principle of Optimality: An optimal policy has 
the property that whatever the initial state and the initial decision are, the 
remaining decisions must constitute an optimal policy with regard to the stte 
resulting from the first decision (see [4, 51). In other words, the first decision 
here is to choose a constraint resulting from which the state must vary to 
ensure that the remaining decisions constitute an optimal policy. 
To establish the left inequality of (16), we consider the problem 
f,(a) = max n * ( ) 
a, 
X” n 
subject to 
x a,x, = a, a > 0, x,20. 
Using the Principle of Optimality, we obtain the recurrence relation 
f,(a) = max 
OCxK<a/UK 
for K = 2, 3 ,..., N, with 
(17) 
f,(a) = ( 1 $J 7 
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By induction a straightforward manipulation reveals that 
f,(a) =o<:%aK [ (&$” (i+$‘]~ 
where xX = (a - arKx,)/BK-, . 
The maximum is attained for xK = a/f?,, so 
(19) 
It is now clear that the left inequality of (16) follows from (17)-(19). Also 
the sign of equality holds if an only if all x, are equal. 
To establish the right inequality of (16), we consider the problem 
f;(a) = min n -&- 
( 1 
an 
xn n 
(20) 
subject o 
n A;n = a, a >O, x,>O. (21) 
Using the Principle of Optimality, we obtain the recurrence relation 
f;(a) = min XK 
K 1 
____ 
1 -xK anfX-l(uX~~K) aYaK<XK<l/z I 
for K = 2, 3 ,..., N, with 
f;(a) = ( 1 y$,)“‘. 
By induction a straightforward manipulation reveals that 
f Z(a) = .v”?z~(1,2 [ (e$ (gT)eK-‘]T 
where xi = u~/~K-~x~~~~K-~. The minimum is attained for x, = aveK, so 
f;(a) = ( 1 f$,,)eK, 1 <K<N. (22) 
It is now clear that the right inequality of (16) follows from (20~(22). Also 
the sign of equality holds if and only if all x, are equal. 
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To establish the inequalities (16) again, we can consider problems ( 17) 
and (20) subject o 
and 
GN 
m-G,= a > 0, x, > 0, 
respectively. 
Using the Principle of Optimality, we obtain their recurrence relations 
and 
MaI = (d(l+.))~%CrrCl,* [ (i3$“f~-I (&)I~ 
f;(a) = a”‘, 
where 
we,-1 
-ff.deK-l 
xK 3 2(K<N. 
The remaining arguments by induction lead to 
fK(a) = a”eK and f;(a) = a”ex, I(K,<N. 
The conclusion is now clear. 
It should be noted here that inequalities (16) can be likewise established 
under the condition C a,X, < 0,/2 instead of x, E [0, l/2]. 
Now, associating suitable constraints with the objective function as above, 
we can likewise establish the following inequalities (we omit their proofs 
which are nearly identical to those of (16)): 
n (++ (&)? (&-)8: x,>O (23) 
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and 
where the notations a,,, Bn, A,, and G, are the same as those of (16). 
Inequalities (16), (23), and (24) are extensions of the three inequalities 
given in [8,9, 19,201. 
Finally, from (23), follows 
(1 + G,)eN < n (1 + xJnn, 
which extends inequality (1) given in MitrinoviC [22, p. 2081. 
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